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Matrix factorisation models

Data often available in matrix form.
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Matrix factorisation models

Data often available in matrix form.
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Matrix factorisation models

Data often available in matrix form.
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Matrix factorisation models

Data often available in matrix form.
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Matrix factorisation models

dictionary learning
low-rank approximation
factor analysis

latent semantic analysis
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Matrix factorisation models

dictionary learning
low-rank approximation
factor analysis

latent semantic analysis
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Matrix factorisation models

for dimensionality reduction (coding, low-dimensional embedding)
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Matrix factorisation models

for unmixing (source separation, latent topic discovery)
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Matrix factorisation models

for interpolation (collaborative filtering, image inpainting)
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Nonnegative matrix factorisation
N A
\LQQ;\\ v[ H ]

N samples
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» data V and factors W, H have nonnegative entries.

» nonnegativity of W ensures interpretability of the dictionary, because
patterns wy and samples v,, belong to the same space.

» nonnegativity of H tends to produce part-based representations, because
subtractive combinations are forbidden.

Early work by Paatero and Tapper (1994), landmark Nature paper by Lee and Seung (1999)
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PCA dictionary with K = 25

red pixels indicate negative values
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NMF dictionary with K =

UEEEFE

experiment reproduced from (Lee and Seung, 1999)
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NMF as a constrained minimisation problem

Minimise a measure of fit between V and WH, subject to nonnegativity:

erlg D(V|WH) = Z d([V]m|[WH]),

where d(x|y) is a scalar cost function, e.g.,

Euclidean distance (Paatero and Tapper, 1994; Lee and Seung, 2001)
Kullback-Leibler divergence (Lee and Seung, 1999; Finesso and Spreij, 2006)
Itakura-Saito divergence (Févotte, Bertin, and Durrieu, 2009)

a-divergence (Cichocki et al., 2008)

[B-divergence (Cichocki et al., 2006; Févotte and Idier, 2011)

Bregman divergences (Dhillon and Sra, 2005)

and more in (Yang and Oja, 2011)

vV VY VY VvV VvV VvYYy

Regularisation terms often added to D(V|WH) for sparsity, smoothness,
dynamics, etc.

Common algorithmic design: alternative updates of W and H with

majorisation-minimisation.
16



NMF for hyperspectral unmixing

(Berry, Browne, Langyville, Pauca, and Plemmons, 2007)
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reproduced from (Bioucas-Dias et al., 2012)
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NMF for audio spectral unmixing

(Smaragdis and Brown, 2003)
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reproduced from (Smaragdis, 2013)
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Model selection by completion
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Model selection

NMF based on the minimisation of a measure of fit:

v

min D(V|WH) = > d([V]al[WH])
= fn

v

what is the right measure of fit 7

v

can sometimes be derived from a probabilistic model, but not always.

v

squared Euclidean distance often a default choice, but not always optimal.
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Model selection by completion
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v

randomly remove coefficients from V (with indices in M)
for a set of candidate measures d(-|), solve

v

amin  D(VIWH) = 3 d([V]m|[WH]m)
= (f,n)e0O

> reconstruct missing entries with [WH]g,, compare with original data [V]s,
(for indices in M)

choose the measure d(:|-) that provides best reconstruction

(according to a task-specific performance measure)

v
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Hyperspectral data completion

|
|
4
:
v

» two datasets of dimensions F ~ 150 and N = 50 x 50, from

» the Aviris hyperspectral cube over Moffett Field (CA)
> the Madonna hyperspectral cube over Villelongue (FR)

» candidate measures of fit from the S-divergence family

> evaluation using the average spectral angle mapper (aSAM)

aSAM(V, V) = Zacos ( Vo, On) )

[l [[9]]

22



Popular cost function in NMF (Basu et al., 1998; Cichocki and Amari, 2010):

s (P (B-1)y* —Bxy®l) BeR\{0,1}
x log ¥+ (y — x) B=1
fflogffl 68=0

def
ds(xly) =

Special cases:

» squared Euclidean distance (8 = 2)

> Kullback-Leibler (KL) divergence (8 = 1)
» Itakura-Saito (IS) divergence (8 = 0)

Behaviour with respect to scale: dg(Ax|\y) = A\ ds(x]y).
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dix=1ly)
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dix=1ly)

—f =2 (Euc)
—B=1(KL)

25



dix=1ly)
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dix=1ly)
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dix=1ly)
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Hyperspectral data completion results

(Févotte and Dobigeon, 2014)

MOFFETT MADONNA

—p=025

0.034

0.032

beta beta

Best reconstruction for 8 ~ 1 (=~ KL divergence), though values of in [0,2]

yield sensibly similar results.
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Audio spectral data completion results

(King, Févotte, and Smaragdis, 2012)

» similar experiment conducted with music data.

> best reconstructions for 8 € [0, 1], depending on the spectrogram
parameters.

> range of divergences more sensitive to small energies — because of
ds(Ax|Ay) = N da(xly).
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Audio bandwidth extension
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Audio bandwidth extension

(Sun and Mazumder, 2013)

Full-band training samples Band-limited samples

‘
TRl
LLet

Lre

adapted from (Sun and Mazumder, 2013)
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Audio bandwidth extension

(Sun and Mazumder, 2013)

AC/DC example

[ 3135 FWEE 91343 § 141 3

band-limited data (Back in Black)

training data (Highway to Hell)

E & B

bandwidth extended

| 3T 4% WS §1 93 § 17 4

ground truth

[ 333 WIS F10-93-F 19

Examples from http: //statweb. stanford. edu/ ~dlsun/bandwidth. html, used with

permission from the author.
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http://statweb.stanford.edu/~dlsun/bandwidth.html
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