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Outline	  

•  Turbulence	  and	  paJerns	  
•  Proper	  Orthogonal	  DecomposiEon	  

•  ApplicaEon	  to	  3D	  reconstrucEon	  of	  cavity	  flow	  
•  ApplicaEon	  to	  channel	  flow	  



Turbulence	  



A	  few	  words	  about	  turbulence	  

•  3D,	  randomness,	  vorEcity,	  mixing…	  
•  DissipaEon	  weak	  (large	  Reynolds	  and	  Rayleigh	  
numbers)	  but	  crucial	  

•  Large	  spectrum	  of	  spaEal	  and	  temporal	  scales	  

•  “ChaoEc”,	  “IntermiJent”	  Dynamics	  

•  Presence	  of	  organized	  paJerns:	  coherent	  
structures	  



Missing	  data	  

•  SpaEo-‐temporal	  complexity	  cannot	  be	  enErely	  captured:	  

•  in	  experiments:	  	  
–  few	  sensors	  
–  intruding	  measures	  

–  noisy	  signals	  

•  in	  numerical	  simulaEons:	  	  
–  spa+al	  scale	  resolu+on	  (both	  large	  and	  small)	  
–  “short”	  integraEon	  Emes	  	  



The	  organizaEon	  of	  turbulence	  

•  Complex	  inter-‐dependence	  between	  all	  scales	  
of	  the	  flow	  

!A	  structure-‐based	  representaEon	  of	  fluid	  
flows	  

•  SpaEal	  paJerns:	  Proper	  Orthogonal	  
DecomposiEon	  (Principal	  Component	  Analysis,	  
Karhunen-‐Loève	  DecomposiEon)	  



Proper	  Orthogonal	  DecomposiEon	  
(POD)	  
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POD:	  Method	  of	  Snapshots	  

•  Sirovich	  (1987)	  

•  Finite	  Size	  of	  the	  pracEcal	  problem:	  	  N	  flow	  realizaEons	  (snapshots)	  

•  If	  N	  independent	  realizaEons,	  eigenfuncEons	  can	  be	  wriJen	  in	  that	  base	  

•  Equivalent	  eigenvalue	  problem	  

•  Determining	  structure	  amplitude	  
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Missing	  data	  :	  Gappy	  POD	  (Everson	  and	  Sirovich	  95)	  
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Extended	  POD	  (Borée	  2002)	  
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Consider	  N	  realizaEons	  q(x,t)	  	  with	  dim(q)=r	  and	  apply	  	  Snapshot	  (	  if	  necessary	  Gappy)	  
POD	  to	  	  p<r	  components	  	  

It	  is	  possible	  to	  define	  extended	  structures	  on	  the	  remaining	  r-‐p=r’	  components	  
using	  	  
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ApplicaEons:	  	  	  -‐	  InvesEgate	  coupling	  between	  different	  components	  of	  the	  realizaEon	  
(e.g	  p-‐components:	  velocity,	  r’	  component:	  pressure	  )	  

	   	   	  -‐	  Inverse	  design	  (e.g	  p-‐component:	  pressure	  distribuEon,	  r’-‐
components:	  geometry)	  	  



ReconstrucEon	  	  from	  parEal	  instantaneous	  
measurements	  and	  	  full	  staEsEcs	  

But…	  	  

Can	  any	  flow	  realizaEon	  be	  exactly	  represented	  in	  the	  finite	  POD	  basis?	  

What	  happens	  if	  I	  consider	  a	  smaller	  number	  of	  modes?	  

How	  robust	  is	  the	  esEmaEon	  procedure?	  
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φ(x) known, u(x, t) on H (h) ⊂  Ω⇒ u(x,t) on Ω?

€ 

u(x,t) =
n=1

∞?
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ApplicaEon:	  Flow	  over	  cavity	  

Figure 1: Box configuration

	  SpaEal	  POD	  eigenfuncEons	  	  

a) b)

c) d)

Figure 7: a) Total vorticity in first eigenfunction ∥∇ × φ1∥ = |Ω| = 15s−1 b) Streamwise vorticity in first

eigenfunction ∥(∇ × φ1)u∥ = |ωx| = 8s−1 (dark colours mean positive values, and light colours negative

ones) c) Total vorticity in third eigenfunction ∥∇ × φ3∥ = |Ω| = 15s−1 d) Streamwise vorticity in third

eigenfunction ∥(∇ × φ3)u∥ = |ωx| = 8s−1 (dark colours mean positive values, and light colours negative

ones)

2-‐D,	  2-‐C	  measurement	  plane	  

Shear	  layer	  modes	  (1	  and	  2)	  	  

Cavity	  	  modes	  (3,4,5)	  	  

Incompressible	  flow	  Re=7500	  
Code	  OLORIN	  (Y.	  Fraigneau)	  

Total	  vorEcity	   Streamwise	  vorEcity	  

Goal:	  	  EsEmate	  Full	  3D	  flow	  from	  3D,3C	  	  POD	  basis	  and	  2D,2C	  
plane	  of	  measurements	  



EsEmaEon	  of	  POD	  amplitudes	  	  
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Figure 12: Amount of flow energy captured by the exact and the estimated reconstructions; solid line:
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|u(x)|2dx where an is the true POD coefficient; dashed line:|Σnan
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reconstructed coefficient using 60 modes
true 3−D coefficient

Figure 13: Exact and estimated 3-D POD coefficients an(t), with n =1 to 5 from bottom to top: a) using

80 modes in the estimation b) using 60 modes in the estimation
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160	  modes	  
(exact)	  	  
80	  modes	  	  
(esEmaEon)	  	  
60	  modes	  
(esEmaEon)	  

80	  modes	   60	  modes	  an(t)	  

Energy	  fracEon	  

First	  POD	  modes	  are	  well	  recovered	  but	  full	  	  
reconstruc+on	  remains	  a	  challenge	  	  	  

Podvin	  et	  al.,	  JFE	  
2006	  



ApplicaEon:	  	  
SyntheEc	  wall	  boundary	  condiEons	  for	  

the	  simulaEon	  of	  wall	  turbulence	  
Context:High	  Reynolds	  number	  calculaEons	  require	  fine	  resoluEon	  next	  to	  the	  
wall	  (wall	  layer)	  as	  the	  dynamics	  are	  dominated	  by	  small	  scales	  

Goal:	  Simulate	  turbulence	  accurately	  (=	  get	  staEsEcs	  right!)	  in	  a	  restricted	  
domain	  (H)	  using	  a	  syntheEc	  boundary	  condiEon	  which	  mimics	  the	  top	  of	  the	  
wall	  layer.	  	  

Universal	  Model?	  

DNS,	  LES	  SyntheEc	  
Boundary	  
CondiEon	  	  

POD	  

€ 

Re =
uτh
ν

= 590 where uτ = ν
dU
dy wall

Reference	  DNS:	  SUNFLUIDH	  code	  (Y.	  Fraigneau)	  

99%	  of	  the	  grid	  
points	  	  in	  10%	  of	  
BL	  at	  Re~105	  



SyntheEc	  boundary	  condiEon	  
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Feedback	  esEmaEon	  (full	  reconstrucEon)	  	  
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•  2-‐	  Select	  “recoverable”	  modes	  

⇒  set	   	   	  	  	  when	  

•  3-‐	  Set	  L2	  norm	  of	  each	  fluctuaEng	  compo-‐	  
nent	  	  

• 	  	  	  1-‐	  Solve	  approximate	  linear	  system	  
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Full	  reconstrucEon	  Re=590	  
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Full	  reconstrucEon	  (Re=590)	  
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Feedback	  esEmaEon	  (phase	  reconstrucEon)	  	  
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•  2-‐	  Select	  “recoverable”	  modes	  

⇒  set	   	   	  	  	  when	  

•  3-‐	  Set	  L2	  norm	  of	  each	  fluctuaEng	  compo-‐	  
nent	  	  

• 	  	  	  1-‐	  EsEmate	  phase	  of	  POD	  mode	  with	  
constant	  modulus	  
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Phase	  reconstrucEon	  Re=590	  
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Phase	  reconstrucEon	  Re=590	  
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Sta+s+cs	  are	  improved	  with	  +me-‐dependent	  phase	  
reconstruc+on.	  	  
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of	  threshold	  

Correct	  slope	  

Grid	  resoluEon	  -‐50%	  
ComputaEonal	  cost	  +15%	  



Conclusion	  

•  Missing	  data	  in	  turbulence	  can	  be	  recovered	  with	  
stochasEc	  tools	  (POD,	  Gappy	  POD)	  

•  2	  examples	  for	  turbulent	  flows:	  

– ReconstrucEon	  of	  3D	  structures	  from	  2D	  
measurements	  

– Efficient	  SimulaEon	  of	  channel	  flow	  

•  MathemaEcal	  tools	  need	  to	  be	  tailored	  to	  flow	  
physics	  (effect	  of	  small	  scales	  in	  turbulence)	  	  
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